
6 ZH. PRIKLAD. MEKH. TEKH. F IZ . ,  JULY-AUGUST 1965 

RECOMBINATION OF ELECTRONS IN A PLASMA EXPANDING INTO A 
VACUUM 

N. M. Kuznetsov and Yu. P. R a i z e r  

Zhurnal  Pr ik ladnoi  Mekhaniki i Tekhnieheskoi  F iz ik i ,  No. 4, pp. 10--20, 1965 

As noted in a paper by one of the authors [1], when a hot ionized 
gas expands into a vacuum, at a certain moment ionization equili- 
brium must necessarily break down. Shortly after this point, which 
may be found by the method indicated in [1], ionizing events become 
very rare and only recombination occurs in the gas. In [1] photore- 
combination and triple collisions with the capture of an electro to the 
ground level of the atom were considered. Here the recombination 
did not proceed to the end: on expanding to infinity and cooling to 
zero the gas remained partially ionized. 

Papers have recently appeared [2-7] in which the significant role 
of triple collisions with the capture of electrons to upper atomic 
levels is noted. The recombination process has a cascade character 
at low temperatures and densities which are not excessively small. 
At first, the electron is captured by one of the upper atomic levels 
in a triple collision with an ion and another electron. Subsequently, 
as a result of electron collisions of the second kind, and later also as 
a result of radiative transitions, the bound electron descends through 
the energy levels to the atomic ground state. The recombination co- 
efficient for such a process depends much more strongly on the elec- 
tron temperature T than for a triple collision with capture directly by 
the ground level (as T "9/2 as opposed to T'i), and at low tempera- 
tures cascade recombination proceeds much more quickly than cap- 
ture to the ground level. Since this casts doubt upon the conclusions 
of [1] regarding the residual ionization when a plasma expands into 
a vacuum, we were led to re-examine the question, which, as will 
be clear from what follows, is not considerably more complicated. 

1. S ta tement  of  the p r o b l e m  and in i t ia l  a s s u m p -  
t ions .  We sha l l  examine  a hot ionized mona tomic  gas 
expanding with s p h e r i c a l  s y m m e t r y  into a vacuum,  in 

p a r t i c u l a r ,  the late,  i ne r t i a l  s t age  of the expansion,  

when the in t e rna l  e n e r g y  has,  to a c o n s i d e r a b l e  extent ,  
been t r a n s f o r m e d  into k ine t ic  ene rgy ,  so that  the r a t e  

of expans ion  is p r a c t i c a l l y  cons tan t  and the gas den -  

s i ty  fa l l s  with the p a s s a g e  of t ime  p ropo r t i ona l l y  as 
1 / t  3 [8]. We sha l l  c o n s i d e r  the change of d e g r e e  of 

ion iza t ion  ~ with t ime ,  for  low t e m p e r a t u r e s  a f t e r  
breakdown of ioniza t ion  equ i l i b r i um and the c e s s a t i o n  
of ion iz ing  p r o c e s s e s .  Here  we a s s u m e  that  the gas 

conta ins  only s ing ly  cha rged  ions.  
The r e c o m b i n a t i o n  r a t e  depends  on the e l e c t r o n  

t e m p e r a t u r e  T. G e n e r a l l y  speaking,  the e l e c t r o n  t e m -  
p e r a t u r e  may be d i s t ingu i shed  f rom the ion (atomic)  

t e m p e r a t u r e  T i as  a r e s u l t  of the r e t a r d e d  e n e r g y  e x -  
change be tween  e l e c t r o n s  and heavy p a r t i c l e s .  The 
t e m p e r a t u r e  change,  in i ts  turn ,  depends on the heat  

l i b e r a t e d  on r e c o m b i n a t i o n ,  s ince  the p r o c e s s  is de -  

s c r i b e d  by a s y s t e m  of k ine t ic  and e n e r g y  equat ions  in 

unknown funct ions  of t i m e  ~,  T, and T i. 
C o m p a r i s o n  of the pho to r ecombina t i on  coe f f i c i en t s  

[9] and those  fo r  r e c o m b i n a t i o n  by t r i p l e  c o l l i s i o n s  [4] 
shows that  fo r  e l e c t r o n  d e n s i t i e s  which a r e  not e x c e s -  

s i v e l y  low, in fact ,  fo r  

Ne ~ 3.2. t09 (T ~ / I03) ~.75 ~ / cm -3 

the l a t t e r  is p r edominan t .  

We shal l  a s s u m e  that this inequal i ty  is fulf i l led at 
the moment  when the ionizing equ i l ib r ium breaks  down. 
It can be shown that  in the e n t i r e  subsequent  p r o c e s s  
ne i the r  pho to recombina t ion  nor  r ecombina t ion  in t r ip le  

co l l i s ions  with an atom pa r t i c ipa t ing  as th i rd  pa r t i c l e  
plays a par t .  We sha l l  a s s u m e  that the deac t iva t ion  of 
a highly exc i ted  a tom f o r m e d  by the cap tu re  of an e l e c -  
t ron  by an ion p roceeds  rap id ly  in c o m p a r i s o n  with the 
r a t e  of e l e c t r o n  dens i ty  and t e m p e r a t u r e  va r i a t ion  (in 
fact ,  the r e com bina t i on  c o e f f i c i e n t  in [2-5]  is c a l cu -  
la ted for  this condit ion).  In this ca se  the r e c o m b i n a -  
t ion ene rgy  is l i be ra t ed  i m m e d i a t e l y  a f t e r  the cap ture  
of an e l e c t r o n  by an ion, i .e . ,  the heat  r e l e a s e  in the 
gas at a g iven momen t  is d e t e r m i n e d  by the r e c o m b i -  
nation r a t e  at  that  momen t  - d ~ / d t .  

We sha l l  a s s u m e  that  only that  pa r t  of the r e c o m b i -  
nat ion e n e r g y  (E* for each event) which is t r a n s f e r r e d  
to the e l e c t r o n s  in deac t iva t ion  of exc i t ed  a toms  by 
co l l i s i ons  of the second kind is c o n v e r t e d  into heat .  

The o ther  por t ion  I -  E* (I is the ioniza t ion  poten-  
tial) is in i t i a l ly  r ad ia t ed  as s p e c t r a l  l ine l u m i n e s -  
cence ,  Gene ra l ly  speaking,  a c e r t a i n  por t ion  of this 
ene rgy  is a l so  c o n v e r t e d  into heat  as  t ime  p a s s e s  (as 
the r e s u l t  of poss ib l e  co l l i s iona l  deac t iva t ion  of an 
a tom exc i t ed  by r e s o n a n c e  rad ia t ion) .  However ,  we 
sha l l  a s s u m e  that the ene rgy  I - E* is to ta l ly  los t  by 
the gas .  The m o r e  t r a n s p a r e n t  the gas,  the m o r e  j u s -  
t i f ied  this  a s sumpt ion  i s .  The gas is ac tua l ly  t r a n s -  
pa ren t  with r e s p e c t  to continuous abso rp t ion  in the 
s t rong  expans ion  s tage ,  which is what we a r e  i n t e r -  
e s t ed  in. The diffusion of r e s o n a n c e  rad ia t ion  l as t s  to 

a l a t e r  s t age  of the expansion.  This  e f fec t  wi l l  not be 

taken into account  in the p r e s e n t  paper .  We note only 

that  i t  may lead to an i n c r e a s e  in heat  r e l e a s e  in the 
gas and to a s lowing down of cool ing  and r e c o m b i n a -  

t ion.  
2. E n e r g y  equat ions  and equat ions  of  r e c o m b i n a t i o n  

k ine t i c s .  Let  N be the to ta l  n u m b e r  of a toms  and ions 

pe r  cubic  c e n t i m e t e r  and le t  ~ = N e / N  be the d e g r e e  
of ioniza t ion .  The equat ion for  N e has the f o r m  

dNe ~Ne~ _~_ ( dNe I 
d~- ~- - -  \ ~ 7 -  / + " 

H e r e  the t e r m  (dNe/d t ) ' ,  = ~ d N / d t  is connec ted  with 
the expans ion  of the gas,  and, in a c c o r d a n c e  with [4], 

the r e c o m b i n a t i o n  r a t e  cons tan t  f~ = a T  - ~ / 2  c m 6 / s e c ,  
a = 8 .75  �9 10 -2~ c m 6 / s e c  -~ ev  9/2 (we se t  the  spec i a l  

f o r m  of cou lomb l o g a r i t h m  e n t e r i n g  into/3 equal  to 

' u n i t y ) ,  

= a T  -9f2 cmS/sec ,  a =8.75-10-27cm6see -1 ev  9n. (2.1) 
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P a s s i n g  f rom the dens i ty  N e to the degree  of ion i -  
zation,  we obtain 

d~ yV2a3 _ a;V~3 ... (2.2) 
dt - -  T% 

The ene rgy  ba lance  equat ion for the e l ec t ron  gas, 
f rom ca lcu la t ions  on a s ingle  e lec t ron ,  has the form 

pe dV1 E* + ee ( da ) 3 T - -  T i .... de~ -4- . . . .  (2.3) 

Here  

e~ = 3/2 t~T, p~ = N e k T  , V1 = l / N ,  

V~ is the volume per  heavy pa r t i c l e ,  and, in a c c o r d -  
ance with [10], Tei is the c h a r a c t e r i s t i c  t ime  for e n -  
e rgy  exchange between e l ec t rons  and ions (exchange 
with neu t r a l  a toms does not play a par t ) .  

250 ~T  o% 
"~ ei -- ~N  In A s e e  

where  ~ is the ion a tomic  weight and lnA is the cou-  
lomb loga r i thm.  Keeping the expans ion  law N ~ t -a, 
V 1 ~ t 3 in  mind,  we obtain the equat ion for the e l ec t ron  
t e m p e r a t u r e  

d--idr _~_ 2 Tt __ (2E* /3k)  + ( __ ~da) T - -  Tr -  (2.4) 

in the s ame  way we cons t ruc t  the equat ion for the 
ion (atomic) t e m p e r a t u r e  

dT i T i T -  Tt - 
d--K + 2 t = ~ " (2.5) rei 

If the ene rgy  exchange between e l ec t rons  and ions 
p roceeds  rapidly ,  which is t rue  for not v e r y  s t rong  ex-  
pans ion ,  T ~ T i, and equat ions  (2.4) and (2.5) t r a n s -  
form to one equat ion for the o v e r - a l l  t e m p e r a t u r e ,  

dT T (2E* / 3k) + T - 

- -  d~)" (2.6) 

For  v e r y  s t rong  expansion,  spec i f i ca l ly  when the 
inequa l i ty  Tei > t is fulf i l led,  the exchange slows down 
and the h e a v y - p a r t i c l e  gas,  in  which hea t  r e l e a s e  does 
not  take place,  cools m o r e  rap id ly  than the e l e c t r o n  
gas .  At this  s tage Ti  << T and the t h i rd  unknown func-  
t ion  T i (t) van i shes  f r o m  equat ion (2 .4) .  It can be 
shown that  at this  s tage the e n e r g y  t r a n s f e r  to the ions 
is sma l l ,  in  genera l ,  compared  to the work  of expan-  
s ion  and the heat  l i be ra t ed  in r ecombina t ion ,  so that  in 
the l i m i t i n g  ca se  of v e r y  s t rong  expans ion  the equat ion  
for  the e l e c t r o n  t e m p e r a t u r e  a s s u m e s  the f o r m  

( d~) (2.7) dT ..L T (2E* / 3k) @ T __ 
d--T , 2 ~ -  - -  r 

We sha l l  now inves t iga te  how the degree  of i o n i z a -  
t ion behaves  a sympto t i ca l l y .  We wr i t e  for f o r m a l  so -  
lu t ion of the r e c o m b i n a t i o n  k ine t i cs  equat ion (2.2) 

t 
~t : ~ t l [  i -~ 2aa12 I dtN2 ]--1/' 

t, T--E--, J (2.8) 

(the point  t l, ~ l ,  through which the in t eg ra l  cu rve  
p a s s e s ,  is d e t e r m i n e d  by the in i t i a l  condi t ions  [1]). We 

seek the asympto t ic  solut ion for the e l ec t ron  t e m p e r a -  
tu re  in the form of a power function of t ime  T ~ t -m.  
If we int roduce an analogy with the case  of the adiabat ic  
expansion of an ideal  gas, when T ~ N()'-1) (u is the 
adiabat ic  exponent),  then by the law of expansion N 

t -3 we obtain the following re la t ion  of exponents:  
m = 3(y - 1). 

The asymptot ic  behav io r  of the degree  of ioniza t ion  
depends on the exponent  m. It follows f rom (2.8) 

that  for  m < 10/9 the degree  of ioniza t ion  tends in  the 
l imi t  as t ~ ~r to a cons tan t  value d i f fer ing f rom zero .  
If m > 10/9, then the degree  of ioniza t ion  tends a s y m p -  
to t ica l ly  to zero  accord ing  to the power  law ~ ~ 
~ t-~/4 {m-10/9), and for m = 1 0 / 9 ,  accord ing  to the 
logar i thmic  law o~ ~ (ln t) -1/2,  i . e . ,  in  the case  when 
m -> 10/9 the re  is no res idua l  ioniza t ion .  

Due to the absence  of losses  of f ree  e l ec t ron  t h e r -  
ma l  energy,  o ther  than that  going into the work of ex-  
pans ion  ( losses  by b r e m s s t r a h l u n g  a re  smal l ) ,  the 
exponent  m is bounded by the condi t ion m -< 2 (m = 2 
co r r e sponds  to Y = 5/3).  

Thus,  in d i s t inc t ion  f rom [1], r e c ombi na t i on  does 
not cease  if the e l ec t ron  gas cools down fast  enough, 
r e g a r d l e s s  of the expansion,  and the degree  of i on i za -  
t ion may dec rea se  without l imi t .  But the cool ing law 
i t se l f  depends on the l i be ra t ion  of heat in r e c o m b i n a -  
t ion, and the asympto t ic  value of the exponent  m mus t  
be found by so lv ing  the sys t em of k inet ic  and ene rgy  
equat ions .  In these  equat ions the dependence  of E* on 
T and N e r e m a i n s  as yet unde te rmined .  The following 
two pa rag raphs  a re  devoted to d e t e r m i n i n g  it. 

3. Rate of co l l i s ion  deact iva t ion  of an excited a tom.  
In t r ip le  co l l i s ions  the e l ec t rons  a r e  captured  by upper 
a tomic  levels  with binding ene rg ie s  E n ~ kT. For  
s impl i c i ty ,  we sha l l  cons ide r  the hydrogen a tom.  At 
the low t e m p e r a t u r e s  a s sume d  he re  high quantum 
n u m b e r s  c o r r e s p o n d  to these  condit ions:  

n = K I / E , ~  >> r :  - 

Here  the d i s tance  between levels  

den I 2En 

is much less  than kT. At f i r s t ,  spontaneous  rad ia t ive  
t r a n s i t i o n s  play a minor  par t ,  and the energy  of a 
highly exci ted atom changes as a r e s u l t  of e l e c t r o n  
co l l i s ions .*  As is well  known [6], co l l i s ion  t r a n s i t i o n s  
to the n e a r e s t  leve ls  a re  the mos t  probable ,  t r a n s i -  
t ions  " u p "  and " d o w n "  being a l m o s t  equal ly  probable  
if n >/ 1, AEn,n_ 1 ~< kT ( t r ans i t ions  with " j u m p s "  over  
leve ls  a r e  of r e l a t i v e l y  ve ry  low probabi l i ty ) .  The 
change of ene rgy  of an opt ical  e l e c t r o n  in an exci ted 
atom has the c h a r a c t e r  of " d i f f u s i o n "  a long the ene rgy  
axis ,  and the "d i f fus ion  f lux"  in r e c o m b i n a t i o n  is d i -  
r ec t ed  downwards in the d i r ec t ion  of the ground level  
[3]. Where  the s epa ra t i on  between ene rgy  levels  is 
g r e a t e r  than kT, t r a n s i t i o n s  down a r e  more  l ikely  than 
t r a n s i t i o n s  up, so that the mot ion  a long the ene rgy  axis  
is  un id i r ec t i ona l  in c h a r a c t e r .  The effect ive bound-  
a r y  between the r eg ions  of d i f fus ion and un id i r ec t iona l  
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i motion is the point on the energy  axis  where AEn,n_ 1 = 
= kT.  The binding energy  at this  point  is equal to 

E'  = */~ k T  (2/ /kT)"~.  

The rad ia t ion  ra te  i nc r ea se s  rapid ly  as the e lec t ron  
passes  to lower levels  (see the following paragraph) ,  
and af ter  reaching  a ce r t a in  binding energy  E*, " c o l l i -  
s i o n "  deact ivat ion of the atom gives way to rad ia t ion  
deact ivat ion.  Obviously, the quanti ty E* r e p r e s e n t s  
the mean  energy  per  r ecombina t ion  event,  which is 
t r an smi t t ed  immedia te ly  to the f ree  e l ec t rons .  Thus, 
in o rde r  to evaluate  E*, one mus t  e s t ima te  and com-  
pare  the ra tes  of co l l i s ion  and rad ia t ion  descent  of the 
e l ec t ron  through the a tomic  energy  leve ls .  

The p rocess  of diffusion along the energy  axis is 
descr ibed  in [3, 4] on the bas i s  of the F o k k e r - P l a n c k  
equation (in [3, 4] the energy  E < 0; here  E des ignates  
the binding energy,  i .e . ,  [El) for a d i s t r ibu t ion  function 
f (E, t) of bound e lec t rons  in phase spac~  

o; (o/ / )  (3.1) 
o/ _ A (E) -~-, 1= --~ OE kT Ot 

A (E) = const E% . 

The quanti ty  D, which r e p r e s e n t s  the diffusion co-  
eff icient  along the energy  axis and is ca lcula ted in [4], 
where it is des ignated (AE2>/2, may  be r ep resen ted  
in the form 

D -- <hE% 3 EkT 
. . . .  ( 3 . 2 )  2 4 ~ee 

Here 1/Zee (with an accu racy  to the coulomb loga-  
r i thm) is the f requency  of " c o l l i s i o n s "  between e l ec -  
t rons  in the plasma**:. 

e~ 1 N~ <v~> arc ~, i _ 2.4N, (T~ sec -1 ro = " 
Xe~ = ,re e , 3/~ k T  ' 

< ~ >  = ( s k r  i , / , .  
\ ~ m e  / ( 3 . 3 )  

The s t a t i ona ry  p roces s  is cons ide red  ( O f / t  = 0) in 
[3, 4] and the flux j = cons t  is ca lcula ted ,  which a lso  
gives the r ecombina t ion  coeff icient .  We shal l  cons ide r  
the nons t a t i ona ry  case  in o rde r  to de t e rmine  the law 
of motion of the e l ec t ron  along the ene rgy  axis .  W e  
mul t ip ly  equat ion (2.1) by E and in tegra te  over  al l  

*Condit ions where  a ve ry  highly exci ted atom r a d i -  
a tes  f rom its  f i r s t  moment  of fo rma t ion  a r e  not r e a l -  
ized in p rac t i ce .  The r e a s o n  for this is the fact that 
under  such condit ions pho torecombina t ion  would p r e -  
dominate  over  r ecombina t ion  in t r ip le  co l l i s ions .  But 
in photorecombina t ion  the e l e c t rons  a re  cap tured  for 
the mos t  pa r t  by lower leve ls .  

**The coulomb logar i thm,  which di f fers  f rom the 
quant i ty  en t e r i ng  into the e x p r e s s i o n  for the co l l i s ion  
f requency [10], is p r e s e n t  in the diffusion coeff ic ient  
[4]. Here it is set  equal  to unity.  

phase space F. Here we bear  in m i n d  that in accord -  
ance with [3] 

A (E) I dF = d E .  
E = const 

We set the boundary condition f = O, j = 0 for E >> kT 

to correspond to the consideration of nonstationary 

electron motion from a source placed in a region of 

small binding energies. 

In tegra t ing  the equation thus obtained by par t s ,  we 
find the equation for the average binding energy  of the 
e lec t ron  

This equation has the form 

d~- = ~ -  i + const (const~l) 

(here the averag ing  b racke t s  (> have been omitted 
f rom E). 

In subsequent  e s t ima tes  we shal l  omit  the second 
t e rm on the r ight  hand side of the equation, s ince 
E > kT. Then with the help of (3.2), we obtain 

d E  .D 3 E (3.4) 
d - T = ~ - ~ ' 4  ~e~ ' 

1 { 2t ~,,,, 
k T ~ E ~ E ' =  - ~ k T  ~ k T /  �9 

In the reg ion  of un id i rec t iona l  motion E > E', where 
deac t iva t ing  t r ans i t i ons  to ne ighbor ing  levels  p r edomi -  
nate,  the r a t e  of change of e l ec t ron  binding energy  is 
approx imate ly  equal to 

d f f  [t . . . .  ~NeAE~ . - t ,  AEn n-i > k T ,  E > E ' .  (3.5) 
dt  = " ' " 

Here  f~n,n-I is the r a t e  cons tant  of the deac t iva t ing  
t r ans i t i on  n ~ n -  1 and Bn,n_lN e is the a tomic  t r a n s i -  
t ion probabi l i ty  {per sec) .  

The quanti ty Bn,n_ l was der ived  in [6] on the bas is  
of the q u a n t u m - m e c h a n i c a l  fo rmula  for the c r o s s  s ec -  
t ion of the r e v e r s e  p rocess ,  the exci t ing of an atom by 
co l l i s ion  with an e lec t ron .  The diffusion coeff ic ient  in 
the diffusion reg ion  was der ived  in [4] on the bas i s  of 
c l a s s i c a l  mechan ic s .  Due to the d i f ferent  approaches  
in ca lcu la t ing  dE / d t  in the two reg ions ,  a cons ide rab le  
d i scont inu i ty  r e su l t s  when the two exp re s s ions  for 
dE / d t  a r e  ex t rapola ted  to the  boundury  be tween  the 
reg ions ,  although this  d iscont inui ty ,  of course ,  does 
not ac tua l ly  exis t .  In o rder  to overcome this diff i-  
culty, we proceed in the following ma nne r .  The c l a s s i -  
cal  F o k k e r - P l a n c k  equation in the region  of c lose ly  
spaced leve ls  may be obtained from the quan tum-  
k ine t ic  equat ion for  the occupat ion  n u m b e r s  of the n - 
- x s ta tes ,  Nn, if the usua l  expans ion  is in t roduced 
in  the kinet ic  equat ion with account  for  the fact that 

AEn"-I f ](E)AE~'n-1 
(with Na -- dE ]dr -- .~(~;) ) AEn, n - t  << 

E ~ const 

<< En and AEn, n-1 << kT.  
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The diffusion coeff ic ient  obtained in such an ope ra -  
t ion tu rns  out to be equal  to 

D t  =: [~ ..... l Ne (AE ...... t) '~ 

and has an obvious phys ica l  meaning .  
It is worthy of note that for AEn,n_ 1 << kT (n ~ 1) 

the q u a n t u m - m e c h a n i c a l  diffusion coeff ic ient  D 1 c o i n ,  
c ider  with the c l a s s i c a l  diffusion coeff ic ient  D from 
fo rmula  (3.2) with an accu racy  to a n u m e r i c a l  factor  
(D 1 tu rns  out to be s eve ra l  t imes  l a r g e r  than D). In 
the case  where  AEn,n_ l >~ kT but is s t i l l  in the region  
of l a rge  quantum n u m b e r s ,  the gene ra l  exp re s s ion  for 
~n,n- i  de r ived  in [6] may be r e p r e s e n t e d  in the form 

k T  

Setting' this l imi t ing  value in fo rmula  (3.5) and mak-  
ing an approx imate  ex tens ion  of the fo rmula  to cases  
where  AE ~ kT, we obta in  

d E  d E  1 h k T : r] ::_ . . . . . .  , . 
itt (~ , ,  , , _ ~ ) . s l . . . j n . N , k l ' ,  or ;~t ~M:'.,.,, t) ~ 

(E  ~ 1r ) 

Here D~ is the q u a n t u m - m e c h a n i c a l  diffusion co-  
eff ic ient .  

In o rde r  to avoid a d i scon t inu i ty  in the t r ans i t i on  
from one reg ion  to the other ,  we here  i n s e r t  the c l a s -  
s i ca l  diffusion coefficient* in place of the quan tum-  
mechan ica l  one: 

3 I.'h'T 

Noting that (AEn,n_ 0 : 2E/n ,  n 2 : I /E ,  we find 

di:' :~ 7' i!~')-' ( , . :>, .)  

Here we i n s e r t  l / t e e  f rom formula  (3.3) and sub -  
s t i tu te  e 2 = 2Ia 0, F ina l ly ,  we obtain 

,it . . . .  :3 " " e x l ' " ) n \ - E )  t ,  (t~,.) \~me/ ( E . ~ / : " ) .  ( 3 . 6 )  

Here a0I/E is the r ad ius  of the orbi t  for which the 
binding ene rgy  is equal  to E. 

4. Radia t ive  t r a n s i t i o n s  and heat  r e l e a s e .  In the 
c l a s s i c a l  approx imat ion  the p robab i l i ty  of the spon ta -  
neous r ad ia t ive  t r a n s i t i o n  n ~ n'  is equal  to [8] 

A , , , , . :  8n'~"'12 :12 t ( I I )  -~ 

C o m p a r i s o n  with exact  va lues  shows that this for-  
mula  gives a fa i r  a c c u r a c y  for any n, n ' .  

*Such a p rocedu re  leads to a dE /d t ,  i .e . ,  the p rob -  
ab i l i ty  of deac t iva t ing  t r a n s i t i o n s ,  s e v e r a l  t imes  
s m a l l e r  compared  with [6]. This  c i r c u m s t a n c e  can 
only be favorab le ,  s ince  the fo rmula  16] for fin,n-1 
gives  va lues  that a r e  too high: If the fo rmula  for the 
c r o s s  sec t ion  for exc i ta t ion  by e l e c t r o n  co l l i s ions ,  on 
which the ca lcu la t ion  of fln,n-I is based ,  is applied to 
the 1 ~  2 t r a n s i t i o n  in the hydrogen a tom,  then va lues  
a r e  obtained which a r e  roughly  th ree  t imes  as  la rge  
as  the e x p e r i m e n t a l  va lues .  

The probabi l i ty  of t r ans i t i ons  to levels  n '  << n is 
approx imate ly  equal  to 

l.fi. IOu~ . I ,  s ee -  1 (4.2) 

and among such t r ans i t i ons  the most  probable  is the 
t r ans i t i on  to the ground s ta te  n' = 1. 

The t r ans i t i on  probabi l i ty  to ne ighbor ing  levels  
n '  = n - A n  (l << An << a) is approx imate ly  equal to 

0.8.10 TM "In , ,,:.L see -  l , (4.3) 

Among such t r ans i t i ons  the most  probable  is the 
t r ans i t i on  to the c loses t  level  (we note that A m : 
= 2An,n_ 0. As r e ga r ds  t r ans i t i ons  to levels  i n t e r m e -  
diate between the n e a r e s t  and the ground level,  for 
n >> 1 they a re  of r e l a t ive ly  sma l l  probabi l i ty  

Amln = A,, , ' t %  .'l,, 12:~" 

Radiat ive t r ans i t i ons  form a large number  of com-  
pl icated cascades ,  and a s t r i c t  de t e rmina t ion  of the 
heat r e l e a se  E* is poss ib le  only if ca lcu la t ions  of the 
populat ions of a tomic  levels  on recombina t ion  a re  
made to take into ' lceount  co l l i s iona l  as well as all  
poss ib le  rad ia t ive  t r ans i t i ons .  We shal l  make an e s t i -  
mate  of E* cons ide r ing  approx imate ly  the two most  
c h a r a c t e r i s t i c  ways.  {Recombination taking into ac -  
count cascade  co l l i s iona l  and rad ia t ive  t r ans i t i ons  was 
inves t iga ted  n u m e r i c a l l y  in [51, where,  however,  no 
data is given as r ega rds  occupation numbers . )  

To begin with, we compare  the ra te  of co l l i s iona l  
descen t  (dE/dt) and the ra te  of " g r a d u a l "  rad ia t ive  de-  
scen t  (dE/dt) ~ co r r e spond ing  to t r a n s i t i ons  to neigh-  
bor ing  levels .  For  n >~ 1 the la t te r  p roces s  may be 
t rea ted  on the bas i s  of c l a s s i c a l  e l e c t r o d y n a m i c s ,  
which gives for the ra te  of rad ia t ion  of an e lec t ron  r e -  
volving around an ion in a c i r c u l a r  orbi t  

(d/': " :v2 1:" ') ' ) 10  u) l ' "  ~energy/see.(4.4) 
q/t') 

This  quant i ty  is ~r ,/3-/4 t imes  l a r g e r  than the quan-  
tum rad ia t ion  ra te  c o r r e spond i ng  to the n e a r e s t  level  

only hvn,n_ 1 An,n_ 1 . 
The ra te  of gradual  rad ia t ive  descen t  (4.4), which 

rap id ly  i n c r e a s e s  as the binding energy  beeomes  
l a r ge r ,  r eaches  the ra te  of co l l i s iona l  descen t  (3.3),  
(3 .4)  for  a b inding  energy  

l ~.3..10-,N."~, ( r )  ", (#:r ~ r,: ~ ~ . / ~ )  
t~:,: ..: I ~ [3.l.tn-w,.'.,(r.')'.,: (tr 7-- t..") (4.5) 

E' = 1.2.1.:10 -'j ( l ' ~  '', , 

We shal l  cons ide r  the second path. In the p roce s s  
of co l l i s iona l  deac t iva t ion  there  always ex is t s  the 
p robab i l i ty  of " j u m p w i s e "  rad ia t ive  t r a n s i t i o n s  to the 
ground level  (or to the f i r s t  exci ted level  with s u b s e -  
quent t r a n s i t i o n  to the ground level) ,  the atom then 
leav ing  the game.  The s u m m e d  probab i l i ty  of a 
" j u m p "  over  a l l  t ime ,  up to a c e r t a i n  m o m e n t  t* f rom 
the s t a r t  of deac t iva t ion ,  a t t a ins  a c o n s i d e r a b l e  magn i -  
tude, of the o r d e r  of uni ty .  The b ind ing  ene rgy  El* 
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a t t a ined  up to th is  momen t  would r e p r e s e n t  the  e f fec -  
t i ve  hea t  r e l e a s e ,  i f  i t  w e r e  not fo r  the  e x i s t e n c e  of  
g r adua l  r a d i a t i v e  deac t iva t ion .  C lea r ly ,  the  quant i ty  
El* m a y  be d e t e r m i n e d  f r o m  the a p p r o x i m a t e  condi"  
t ion  

t* E*, 

i Anldt '~  i Anl dE . .~ l  
(dE / dt) 0 kT ~. 

With the help of (4.2), (3.4), and (3.6), we find 

t.5.t0-41Ve'/, (V~ -% (E* ~ E') 

E~* = I • [ (T~)'/,] v,, 
2.1.t0-41Ve'/,, (T~ '/" t --  1.3 N~ J (E* > E'). 

The quant i t i es  El* and E* tu rn  out to be c l o s e  to 
each  o the r  within a wide r a n g e  of T and Ne, and in the 
m a j o r i t y  of c a s e s  E* < El*, so  that  we m a y  take  the 
quant i ty  (4.5), which c o r r e s p o n d s  to g r adua l  r ad ia t ion ,  
a s  the hea t  r e l e a s e  E*. F o r m u l a  (4.5) mus t  b e  a p -  
p l i ed  cau t ious ly  if the quant i ty  E* tu rns  out to be l a rge ,  
s a y  of the o r d e r  of E 2 = I / 4  o r  l a r g e r ,  s i nce  a l l  the  
in i t i a l  f o r m u l a s ,  g e n e r a l l y  speak ing ,  w e r e  for  the c a s e  
of l a r g e  quantum n u m b e r s .  I t  is  b e t t e r  to make  an i m -  
m ed ia t e  e s t i m a t e  of the t r a n s i t i o n  p r o b a b i l i t i e s  f rom 
the n = 2 l eve l  to the ground l eve l  

A21 -~ 0.66"t09 sec  -1, ~lNe ----- N~ (v~> ~21 sec  -1. 

The e x p e r i m e n t a l  c r o s s  seg t ion  for  deac t iva t i on  by 
e l e c t r o n  c o l l i s i o n  is  a21 ~ 10-17 era2. Rad ia t ive  t r a n s i -  
t ions  2 ~ 1 p r e d o m i n a t e  if N e < 102o (T~ "1/2 c m  -3. 

g$ g 

2 �9 
0 

Fig .  1 

5. R e c o m b i n a t i o n  k i n e t i c s .  We wil l  t ake  the p i a s m a  
s t a t e  p a r a m e t e r s  a t  the m o m e n t  of b reakdown  of i o n i -  
za t ion  e q u i l i b r i u m  as  the in i t i a l  cond i t ions  for  the in -  
t e g r a t i o n  of the s y s t e m  of r e c o m b i n a t i o n  k i n e t i c s  and 
e n e r g y  equa t ions .  This  m o m e n t  t t and the c o r r e s p o n d -  
ing va lues  of t e m p e r a t u r e  T 1, d e n s i t y  N 1, and d e g r e e  
of i on iza t ion  ~ l  m a y  be e v a l u a t e d  a p p r o x i m a t e l y  by the 
method  of [1] with the he lp  of the equat ion* 

( d % }  
t=t, = ~ (T, )  N ,  2 ~pl  3, ( 5 . 1 )  

*At the  m o m e n t  of b r eakdown  of i on i za t i on  e q u i l i b -  
r i u m  the e l e c t r o n  and ion t e m p e r a t u r e s  a r e ,  a s  a r u l e ,  
s t i l l  equal .  

PRIKLAD.  MEKH. TEKH. F I Z . , ~ J U L Y - A U G U S T  1965 

tak ing  into account  that  oz 1 is c lo se  to the c o r r e s p o n d -  
ing equ i l i b r ium d e g r e e  of ion iza t ion  ~pl ,  which is e x -  
p r e s s e d  in t e r m s  of T I and N 1 by Saha ' s  fo rmula .  F o r  
~pi  << 1 equat ion (5.1) g ives  a p p r o x i m a t e l y  

3 I 
(T1) N 1 ~ , %  = ~ (T1 - -  1) 

kT1 (5.2) 
N1 N+ 

--  4/8~ ~utl)8 ) ' 

H e r e  u is  the r a t e  of expans ion  of the gas  cloud,  N 1 
is  the dens i ty  of a toms ,  and N + is  the to ta l  number  of 
p a r e n t  a t o m s  in the cloud [8]. The r e l a t i o n  of t e m p e r -  
a t u r e  and dens i ty ,  which fol lows f r o m  the r e g u l a r i t y  of 
the equ i l i b r ium s tage  of the expans ion ,  m u s t  a l so  be 
added  to equat ion (5.2). Thus,  if the expans ion  w e r e  
ad i aba t i c  and the gas  en t ropy  S we re  equal  to S 0, then 
S (N 1, T1) = So. The va lues  N 1, T1 may  be d i r e c t l y  r e -  
l a t ed  to the in i t i a l  p a r a m e t e r s  of the cloud N o , T o with 
the help  of the e f fec t ive  ad i aba t i c  exponent  y [8] ; 
T1/T 0 = (NI/N0)(Y*-I). The quant i ty  Yl - 1  in f o rmu la  
(5.1) c h a r a c t e r i z e s  the t e m p e r a t u r e  v a r i a t i o n  as  d e -  
pendent  on de ns i t y  or  t ime  at  the m o m e n t  of b reakdown 
of equ i l ib r ium:  

(d lnT  ~ I {d]nT 

( g e n e r a l l y  s p e a k i n g  i t  d i f f e r s  f rom y .  - ! and is  d e t e r -  
mined  by the d e r i v a t i v e  (dc~p/dth),  

Once the in i t i a l  condi t ions  have been d e t e r m i n e d ,  
we m a y  p r o c e e d  to i n t e g r a t e  the s y s t e m  of equat ions  
in the nonequ i l ib r ium s tage .  Usua l ly ,  the e n e r g y  e x -  
change  be tween e l e c t r o n s  and ions p r o c e e d s  r a p i d l y  
for  an ex tended  p e r i o d  of t ime  a f t e r  b reakdown of i on i -  
za t ion  e q u i l i b r i u m ,  and the e l e c t r o n  and h e a v y - p a r t i c l e  
t e m p e r a t u r e s  r e m a i n  c l o s e .  We sha l l  thus c o n s i d e r  
the s y s t e m  of equa t ions  (2.2) and (2.6), which d e -  
s c r i b e s  j u s t  th is  c a s e .  An a n a l y s i s  of the s y s t e m  of 
equat ions  in which E* is given by the c o m p o s i t e  f o r -  
mula  (4.5) would be v e r y  d i f f icu l t .  However ,  i t  is  su f -  
f i c i en t  in p r a c t i c e  to i n v e s t i g a t e  the c a s e  w h e r e  
E* E'. > It  wi l l  be c l e a r  f rom what  fo l lows that  if 
E* (t 0 > E '  (t0,  then this  inequa l i ty  wi l l  hold for  t > h  
a l s o .  However ,  i f  E* (tl) < E '  (tl), then as  a r e s u l t  of 
the c o m p a r a t i v e l y  s low change  of E*, the l a t t e r  in -  
equa l i t y  wi l l  change s ign  soon a f t e r  t he  moment  t = t l; 
and so (aga in  as  a r e s u l t  of the  s low of v a r i a t i o n  of  E*) 
the  exac t  dependence  of  E* i s  not i m p o r t a n t  in  the  
s m a l l  p e r i o d  of  t i m e  f r o m  t 1 to  the  m o m e n t  when the  
i nequa l i t y  changes  s ign .  Thus,  we sha l l  make  f u r t h e r  
u s e  of  the  second  e x p r e s s i o n  of  (4 .5)  only .  

Usua l ly ,  E* i s  f a i r l y  l a r g e  c o m p a r e d  with  kT, and 
the  d e g r e e  of  i on i za t i on  in the  n o n e q u i l i b r i u m  s t a g e  i s  
c o n s i d e r a b l y  l e s s  than  u n i t y .  Thus,  equa t ion  (2 .6)  m a y  
be  s i m p l i f i e d  s o m e w h a t  by  ne g l e c t i ng  the  c o r r e s p o n d -  
ing  quan t i t i e s  t h e r e i n ,  

(5 o3) t = -~- T ~ - -  

The s y s t e m  (2.2) and (5.3) of two n o n l i n e a r  e q u a -  
t ions  in ~ (t) and T(t )  may  be r e d u c e d  in o r d e r .  To do 
th is  we m u s t  p a s s  to the new v a r i a b l e s  

d In a 2 E* 
x = - -  d l n t  ' Y = - ~ - a  - - k ~ x .  (5.4) 
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The mean ing  of the va r i ab le  y is  evident  f rom equa-  
t ion (5.3), which gives 

d l n T  
dlat  = - - ( 2 - - y ) .  (5.5) 

This means  that (2 - y )  c o r r e s p o n d s  to the i n s t a n t a -  
neous value of the exponent  m when the t e m p e r a t u r e  at 
each momen t  is approx imated  by the power law T ~ t  -m. 
The quant i ty  y gives an idea of the pa r t  played by heat 
r e l e a s e  in c o m p a r i s o n  with the work done in expansion.  
We take the log of exp re s s ions  (5.4) for x and y and 
d i f fe ren t ia te  with r e s p e c t  to In t, taking account  of 
equat ion (2.2) and the dependence  of N ~ t -~ and a l so  
a l lowing for (5.5). E l im ina t i ng  d In t f rom the pa i r  of 
equat ions  thus obtained,  we a r r i v e  at  the bas ic  equa-  
t ion 

dy u_ ~ (65y + 38~ -- 64!. (5.6) 
dx x B (gy ~ 4w - -  8) 

This  equat ion has four  s i n g u l a r  points  (x, y): a s ad -  
dle point  (28/41, 24/41) and th ree  nodes (0, 64/65),  
(2, 0), (0, 0). The s lopes  of the s e p a r a t r i c e s  at the 
sadd le - type  point  a re  (dy/dx) l  = 1.12, (dy/dx)2 = 
= - 0 .  537. The field of i n t eg ra l  cu rves  is  shown in 
Fig.  1, f rom which it  is  c l e a r  that  depending on the 
in i t i a l  condi t ions  two types of so lu t ion  a r e  poss ib le .  
If the in i t i a l  point  is  s i tua ted  to the left of the s e p a r a -  
t r i x  1 (with pos i t ive  slope), then the in t eg ra l  c u r v e s  
converge  at the point  x = 0, y = 64/65.  The a s y m p -  
tot ic  laws of degree  of ion iza t ion  and t e m p e r a t u r e  
v a r i a t i o n  ~ ~ const ,  T ~ t -(2-y)  = t-66/66 c o r r e s p o n d  
to th is  point,  i . e . ,  in  this  case  r e c o m b i n a t i o n  ceases  
a f t e r  a c e r t a i n  t ime .  However,  if the in i t i a l  point  is  
s i tua ted  to the r ight  of the s e p a r a t r i x  1, then the i n -  
t e g r a l  cu rves  converge  to the node x= 2, y = 0, which 
c o r r e s p o n d s  to the a sympto t i c  laws ~ ~ t - x  = t -2, T 

t -2,  i . e . ,  in  this  case  the degree  of ion iza t ion  a l -  
ways cont inues  to d imin i sh .  The adiabat ic  exponent  
T = 5/3  c o r r e s p o n d s  to the law T ~ t -2. The a s y m p -  
tot ic  so lu t ion  ~ ~ (In t) -1/2 c o r r e s p o n d s  to the s e p a r a -  
t r i x ,  

The phys ica l  causes  of the behav ior  of the degree  
of ion iza t ion  may be ea s i l y  unders tood  in both ca se s .  
The s e p a r a t r i x  1 d iv id ing  the in i t i a l  points  of both 
types may be roughly  approx ima ted  by the s t r a igh t  l ine 
y = x (see Fig.  1). If the in i t i a l  point  l i es  to the left  of 
the s e p a r a t r i x ,  then at  the in i t i a l  m o m e n t  y~ > x 1 and 
in a g r e e m e n t  with (5.4) 

E* 

This  condi t ion  means  that the re  is in the gas a 
s to re  of potent ia l  energy ,  s ign i f i can t  c o m p a r e d  with 
the heat  ene rgy ,  which p a s s e s  into heat  on r e c o m b i n a -  
t ion.  Heat r e l e a s e  s lows down the cool ing of the gas 
a s s o c i a t e d  with the work  p e r f o r m e d  in expans ion ,  and 
this  s t r o n g l y  d i m i n i s h e s  the r e c o m b i n a t i o n  ra te ,  which 
is v e r y  s e n s i t i v e  to t e m p e r a t u r e .  

On the o ther  hand, if the in i t i a l  point  l ies  to the 
r igh t  of the s e p a r a t r i x ,  then 

i .e . ,  the s t o r e  of po ten t ia l  e n e r g y  which goes to heat  

the gas is sma l l  and the gas cools rapidly ,  which leads 
to more  rap id  r ecombina t ion .  

The f i r s t  mode (with r e s idua l  ionizat ion,  i .e . ,  with 
quenching) comes  about if equ i l i b r ium breaks  down at 
high t e m p e r a t u r e s  and degrees  of ionizat ion,  i .e . ,  in 
ca ses  of ve ry  rap id  expans ion  of the gas cloud (smal l  
m a s s  of gas,  high expansion veloci t ies) .  In p rac t i ce  
such a mode is p o s s i b l e  only for a l  ~ 1. 

The second mode, when r e c ombi na t i on  cont inues  all  
the t ime  and the degree  of ioniza t ion  d e c r e a s e s ,  r e -  
la tes  to r e l a t i ve ly  slow expansion (large m a s s e s ,  sma l l  
expansion ve loc i t ies ) .  The r e su l t s  of n u m e r i c a l  in te -  
g ra t ion  of the equat ions for two typical  cases  a re  
shown in Fig.  2. 

~,0 ~/a 
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Fig.  2 

F igure  2 i l l u s t r a t e s  the dependence of the degree  of 
ioniza t ion  on t ime.  Curve  1 c o r r e sponds  to the in i t i a l  
condi t ions  x 1 = 0.9, Yl = 1.52; curve  2 to condi t ions  
x I = 1.72, Yl = 1.77. Given va lues  of x~, Yl may r e f e r  
to ve ry  d i f fe rent  combina t ions  of gas p a r a m e t e r s .  For  
example ,  cu rve  1 d e s c r i b e s  the following concre te  
c a s e : t  1 = 2 . 0 . 1 0  - 6 s e e ,  T 1= 12 000 ~  N 1= 1.7.1018 
cm -3, cQ= 0.58,  ( E * ) 1 = 0 . 3 3  I. The rad ius  of the 
gas sphe re  r 1 = 4 .9  era, the expans ion  ve loc i ty  u = 24 
k m / s e  c. In i t ia l  condi t ions  for  the gas cloud r0 = 1 cm, 
N O = 2.1018 c m  -3, T O = 50 000 ~ K. The ion iza t ion  po- 
t en t i a l  I = 13.5 eV, the a tomic  weight  A = 14. Curve  
2 d e s c r i b e s  the case  t l  = 2 . 1 . 1 0  -6 sec,  T 1 = 11 700 ~ 
N I =  4 . 1 0 1 6 c m  -3, ~ t  = 0.34,  (E*) I=  0.33 I, r l =  5 cm,  
u = 2 4 k m / s e c ,  r 0= l c m ,  N 0 = 5 . 1 0 1 8 c r n  -3, T =  
= 5 0  000 ~  I =  1 3 . 5 e V ,  A =  14. 

It  mus t  be r e m a r k e d  that in the second mode, when 
the degree  of ion iza t ion  would seem to tend to zero,  
fu r the r  r e c o m b i n a t i o n  stops at  a c e r t a i n  low degree  of 
ion iza t ion .  This  takes place when the ene rgy  exchange 
be tween e l e c t r o n s  and ions b reaks  down and the heat 
l i be r a t e d  in r e c o m b i n a t i o n  r e m a i n s  wholly in the e l e c -  
t ron  gas,  as a r e s u l t  of which the e l e c t r o n  gas cools 
down more  s lowly.  Equat ion {2.6) now no longer  holds, 
and the p r o c e s s  is  d e s c r i b e d  by equat ion (2.7). It may 
be shown that  now only the f i r s t  mode occurs ,  i .e . ,  when 
the ene rgy  exchange between e l e c t r ons  and ions ceases ,  
r e c o m b i n a t i o n  a l so  c e a s e s .  

In conc lus ion ,  we note once again  that  a l l  the c a l c u -  
la t ions  a r e  made on the a s s u m p t i o n  that the ene rgy  
which is conver t ed  in i t i a l ly  into r ad ia t ion  in spon tane -  
ous r ad i a t i ve  t r a n s i t i o n s  in exci ted  a toms  pas se s  en -  
t i r e l y  out of the gas cloud and is los t  to the gas.  
Actual ly ,  thanks  to the di f fus ion of r e s o n a n c e  rad ia t ion ,  
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this energy is retained in the gas to some extent in the 
form of excitation energy, which enhances the role of 
collisions of the second type and heat release in the 
electron gas. This leads to a certain slowing down of 
cooling and recombination, i.e., the degree of ioniza- 
tion calculated above a (t) irepresents the lower limit 
of this quantity. The question of resonance radiation 
diffusion depends essentially on the dimensions and 
density of the gas cloud and the character  of spectral 
line broadening, which determines the "dep th"  of the 
absorption line, i.e., the path length of the resonance 
radiation. This question should be investigated with 
reference to concrete conditions. 
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